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Abstract
In this paper, we will study the periodicity in discrete model An+1 = λAn +F(An−m) of popula-
tion growth, where the delay m is large enough and the nonlinearity F is unimodal function. Actually,
we prove that there is a slowly oscillated periodic solution. Our method is Browder nonextremal fixed
point theorem.
 2005 Elsevier Inc. All rights reserved.
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1. Introduction
Recently, we study the delay-effect on the asymptotic behaviour of the model An+1 =
λAn +F(An−m). Actually, we prove that for small delay and for unimodal nonlinearity F ,
every positive solution converges to the positive equilibrium. Now we study the periodicity
in this model, provided that the delay m is large enough. To this end, we consider the
difference equation
An+1 = λAn + F(An−m) (1.1)
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fixed integer. The positive initial values A−m,A−m+1, . . . ,A0 are given, and λ ∈ (0,1) is
given parameter. The constant variation formula reads as
An+1 = λn+1A0 +
n∑
i=0
λn−iF (Ai−m) for n = 0,1,2, . . . . (1.2)
In this paper we always assume that the algebraic equation
x = λx + F(x)
has unique solution x = x¯ in (0,∞). Authors call x¯ the only positive equilibrium of our
model. Let
f (x) = F(x)
(1 − λ) .
First, we suppose that f (x) > x for x < x¯ and f (x) < x for x > x¯. Under this assumption,
it is proved in [2] that for all solution {An} of (1.1),
λm+1x¯ < lim inf
n→∞ An  x¯  lim supn→∞
An  max
λm+1x¯xx¯
f (x). (1.3)
Consequently, if a solution is not oscillated around the positive equilibrium, it should con-
verge to x¯. Also, it is evident that every nonconstant periodic solution should oscillate
around x¯. So, in the following we are concerned oscillated solutions only. In this paper, the
oscillation means the oscillation around the positive equilibrium. In population models the
positivity is always required.
2. Slow oscillation and nontrivial periodicity
We assume further that there is an compact interval I = [a, b]  x¯ such that f (I) ⊆ I ,
f (x) > x¯ for x ∈ (a, x¯) and f (x) < x¯ for x ∈ (x¯, b]. Let K be the cube [x¯, b]m+1. Clearly,
K is convex compact set of Rm+1. We study oscillated solutions of (1.1) starting from K.
Proposition 1. Let {An} be a solution of (1.1) starting from K. Then An ∈ I for all
n = 1,2, . . . .
Proof. We use complete induction according to n. Let us assume that Ak ∈ I = [a, b] for
all k  n. Then
An+1 = λAn + (1 − λ)f (An−m) λa + (1 − λ)a = a,
because f maps the interval I into itself. Similarly, An+1  b, and consequently, An+1 ∈ I .
The proof is now complete. 
Proposition 2. There is an oscillated solution of (1.1) starting from K.
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oscillated. Then by (1.3) they all converge to the positive equilibrium x¯. On the other hand,
consider the following map of K:
K(A−m,A−m+1, . . . ,A0) = (Am,Am+1, . . . ,A2m).
Clearly, this map is continuous and maps K into itself. The vertex (x¯, x¯, . . . , x¯) is an
extremal fixed point of this map. By Browder fixed point theorem [1], there is another
(interior) fixed point of this map. Let {Bn}n be the solution of (1.1) starting from this fixed
point. Then {Bn}n is a nonconstant periodic solution of (1.1). This contradicts our assump-
tion that every solution starting from K converges to the positive equilibrium. The proof is
now complete. 
Proposition 3. Every oscillated solution of (1.1) starting from K is slowly oscillated (see
proof for the definition of slow oscillation).
Proof. Consider an oscillated solution {An} starting from K. It is evident from the defini-
tion of K that A−m,A−m+1, . . . ,A0  x¯. Let n1 be the smallest index such that An1 < x¯.
Then An1,An1+1, . . . ,An1+m < x¯. If otherwise, An1+k+1  x¯ and An1+k < x¯ for some
k ∈ [0,m). On the other hand,
(1 − λ)f (An1+k−m) = An1+k+1 − λAn1+k > x¯ − λx¯,
so f (An1+k−m) > x¯. By our assumption on the function f , we get An1+k−m < x¯. This
contradicts the minimality of the index n1. Therefore,
An1 ,An1+1, . . . ,An1+m < x¯.
Now let n2 > n1 be the smallest index such that An2  x¯. Clearly, n2 > n1 + m. We prove
that An2,An2+1, . . . ,An2+m  x¯. If otherwise, An2+k+1 < x¯ and An1+k  x¯ for some k ∈
[0,m). On the other hand,
(1 − λ)f (An2+k−m) = An2+k+1 − λAn2+k < x¯ − λx¯,
so f (An2+k−m) < x¯. By our assumption on the function f , we get An2+k−m > x¯. This
contradicts the minimality of the index n2. Therefore,
(An2 ,An2+1, . . . ,An2+m) ∈K.
By induction, we can therefore define a sequence
n1 < n2 < · · · < nk < · · ·
of positive integers such that |nk − nk+1| > m and
An2k ,An2k+1, . . . ,An2k+m  x¯,
An2k+1 ,An2k+1+1, . . . ,An2k+1+m < x¯
for all positive integer k. A solution {An} with this property is called slowly oscillated
around the positive equilibrium x¯. The proof is now complete. 
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for all solutions starting from K. Then we can define the map K :K→K by letting
K(A−m,A−m+1, . . . ,A0) = (An2 ,An2+1, . . . ,An2+m).
Clearly, this map is continuous if
m >
arccos 1−λ2−D22λD
arccos 1+λ2−D22λ
(
D = F ′(x¯)). (2.1)
By Browder’s fixed point theorem, there is a fixed point of K in K − (x¯, x¯, . . . , x¯). This
fixed point will give us a nonconstant periodic solution of (1.1). We have
Theorem 4. If function F is differentiable at x¯ and the delay m is large enough (satisfying
(2.1)) then the model (1.1) admits a nonconstant periodic solution, which starts from the
cube K and slowly oscillates around the positive equilibrium.
3. Application
Consider the following model of the bob white quail population:
An+1 = λAn + µAn−m1 + Akn−m
(0 < λ < 1; µ,k > 0).
Here,
F(x) = µx
1 + xk , f (x) =
F(x)
1 − λ.
If λ + µ 1, we have limAn = 0. From now let λ + µ > 1. The only positive equilibrium
is
x¯ = k
√
λ + µ − 1
1 − λ .
In [2] we prove that
limAn = x¯,
if either
k ∈
(
0,
µ
λ + µ − 1
]
∪
[
2,
2µ
λ + µ − 1
]
,
or
1 − λm+1 < 4k
(k − 1)2 ·
1 − λ
µ
and
1 − λm+1
λm+1 − λ(m+1)k 
λ + µ − 1
1 − λ .
To invent the periodicity, we let
2µ k
√
1
k >
λ + µ − 1 and y0 = k − 1 .
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F(y0) = (k − 1)µ
k
y0 = max
x0
F(x),
and
F ′(x¯) = 1 − λ
µ
[
µ − k(λ + µ − 1)]< 0.
Clearly, f (y0) > y0 and f is increasing in the interval [y0, f (y0)]. Choose an closed in-
terval I = [a, b] ⊆ [y0, f (y0)] such that f maps this interval into itself. Then, with large
delay m there is a nonconstant periodic solution starting from the cube [x¯, b]m+1. Finally,
we note that to get (2.1) we should require
k <
2µ
λ + µ − 1 ·
1
1 − λ.
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